Abstract. In this expository paper we review some recent results about representations of Kac-Moody groups. We sketch the construction of these groups. If practical, we present the ideas behind the proofs of theorems. At the end we pose open questions.
Kac-Moody Lie algebras are well-known generalisations of simple finite-dimensional Lie algebras, subject of 1533 research papers on MathSciNet and at least 3 beautiful monographs Kac-Moody groups are less well-known cousins, subject of only 214 research papers on MathSciNet. One issue with them is that there are several different notions of a Kac-Moody group:
‚ a group valued functor on commutative rings defined by Tits, a generalisation of R Þ Ñ SL n pRrz, z´1sq, ‚ a locally compact totally disconnected group, a generalisation of SL n pF q ppz, ‚ an ind-algebraic group, a generalisation of SL n pCppz, ‚ a more complicated topological group, e.g., SL n pQ p ppz. In this survey, we review some new results about the first two types of Kac-Moody groups and their representations. We give examples and sketch proofs whenever it is practical. The only completely new results are in Section 1.4 where full proofs are given.
There are instructional sources about their Group Theory and Geometry but not about their Representation Theory. A reader interested in ind-algebraic Kac-Moody groups can consult a monograph but someone who wants to learn about more complicated Kac-Moody groups will need to look at scholarly sources . We start without further ado.
Representations of uncompleted group
1.1. Kac-Moody Lie algebra. Let A " pA i,j q nˆn be a square matrix with coefficients in a commutative ring K. A realisation of A is a collection R " ph, h 1 , . . . h n , α 1 , . . . α n q where h is a finitely generated free K-module, h i are Klinearly independent elements of h, α j are K-linearly independent elements of h˚, and α j ph i q " A ij for all i and j.
A realisation gives several interesting Lie A-algebras for any commutative Kalgebra A. The first Lie A-algebra is r L R pAq: it is generated by h A " h b K A and elements e 1 , . . . e n , f 1 . . . f n subject to the relations rh, e i s " α i phqe i , rh, f j s "´α j phqf j , rh 1 , hs " 0, re i , f i s " h i , re i , f j s " 0 if i ‰ j for all h 1 , h P h A . The Lie algebra r L R pAq is graded by the root group XpRq, the free abelian group generated by elements α i . The grading is given by degphq " 0, degpe i q " α i , degpf i q "´α i .
Let I A be the sum of all ideals of r L R pAq, contained in the non-zero graded part
Although there is some literature on L R pAq for a general A [VKa-71], these algebras merit further investigation (cf. 3.1 and 3.2).
If A is a generalised Cartan matrix, we set K " Z, call a realisation (over Z) a root datum and denote it D. While both p L D pAq and L D pAq deserve to be called KacMoody algebras, the actual definition of a Kac-Moody algebra is different. Let U Z be the divided powers integral form of the universal enveloping algebra U pL D pCqq. Then a Kac-Moody algebra is defined as
It inherits a triangular decomposition g A " pn´b Aq ' ph b Aq ' pn`b Aq from g Z " n´' h ' n`where n´C is the Lie subalgebra of g C generated by all f i , U´is the divided powers Z-form of U pn´Cq and n´:" n´C X U´(ditto for n`using e i -s and U`). If F is a field of characteristic p, the Lie algebra g F is restricted with the p-operation ph b 1q
rps " h b 1, px b 1q rps " x p b 1 where h P h, x P nw here x p is calculated inside the associative Z-algebra U˘ď U [Ma-13, Th. 4.39]. If p ą max i‰j p´A i,j q, then all the three Kac-Moody coincide: but it is probably no longer true for small primes.
1.2. Kac-Moody group. The algebras U Z and g Z inherit the grading by XpRq. It is also known as the root decomposition
The set of roots splits into two disjoint parts: real roots Φ re :" W tα 1 , . . . α n u (where W is the Weyl group) and imaginary roots Φ im :" ΦzΦ im . The Kac-Moody group is a functor G D from commutative rings to groups. Its value on a field F can be described as
where T is a torus and U α " tX α ptqu, X α ptqX α psq " X α pt`sq is a root subgroup. There are different ways to write Tits' relations: the reader should consult classical papers for succinct presentations. Note that Tits' Relations have infinitely many generators and relations unless A is of finite type.
However, if the field F " F q , q " p m is finite and under mild assumptions on A, the groups G D pFare finitely presented (cf. for concrete finite presentations of affine groups) and simple . Thus, the groups G D pFform a good source of finitely-presented simple (non-linear) groups.
It is important for us that they have a BN-pair with B " T ⋉ U`where U`is the subgroup generated by all U α for positive real roots α.
1.3. Adjoint representation. The group G D pFq acts the Lie algebra g F via adjoint action . The torus action comes from the XpDq-grading Adph b tqpaq " t αphq a where a P pg F q α and the action of U α is exponential:
where e α (rather than e α b 1) is a non-zero element of g F α and e pnq α P U b F is its divided power. Notice that g F α is one-dimensional for a real root α.
We denote the image of Ad by G 
Proof. Observe by induction that for each k " 1, 2, . . . p´1
The condition adpe ppq α qpxq " 0 implies that adpe pnq α qpxq " 0 for all n ě p and ρ`AdpX α ptqqpxq˘"
exactly the right hand side. Notice that Equality ♠ holds because pV, ρq is overrestricted: terms on the right, missing from the left, are all zero.
Consider an XpDq-graded restricted representation pV, ρq of g. Grading gives an action of T on V by p ρph b tqpv α q " t αphq v α . An analogue of Proposition 1.1 holds for T :
Let G V be the subgroup of GLpV q generated by p ρpT q and all Y α ptq.
Theorem 1.2. Suppose that p ą max i‰j p´A i,j q. If pV, ρq is an XpDq-graded over-restricted representations of g F , faithful on both T and g F , then
is a surjective homomorphism of groups whose kernel is central and consists of g F -automorphisms of V .
Proof. Let H be the free product of T and all additive groups U α , α P Φ re . Both G V and G ad D pFq are naturally quotients of H. If x 1˚. . .˚x n P kerpH Ñ G V q where all x i are from the constituent groups then
Formulas (1) and (3) imply that ρ`rAdpx 1 q Adpx 2 q . . . Adpx n qspe β q˘" ρpe β q, ρ`rAdpx 1 q Adpx 2 q . . . Adpx n qsphq˘" ρphq for all h P h F and real roots β. Our restriction on p imply that g F is generated by h F and all e β . Consequently, ρ`rAdpx 1 q Adpx 2 q . . . Adpx n qspyq˘" ρpyq for all y P g F . Since ρ is injective it follows that rAdpx 1 q Adpx 2 q . . . Adpx n qspyq " I g and x 1˚. . .˚x n P kerpH Ñ G ad D pFqq. Hence, φ is well-defined. It remains to determine the kernel of φ. Suppose y " x 1 x 2 . . . x n P kerpφq with all x i are either Y α psq, or in T . Arguing as above, ρpzq " ρpφpyqpzqq " yρpzqy´1 for all z P g. So y P EndpV, ρq: it commutes with all ρpe α q, hence with all Y α psq. Since T acts faithfully, y commutes with T as well. Commuting with all generators of G V , y is inevitably central.
As soon as there are few endomorphisms, the map φ in Theorem 1.2 can be "reversed" to define a projective representation of the Kac-Moody group. Corollary 1.3. Suppose that in the conditions of Theorem 1.2 the representation pV, ρq is a brick, i.e., EndpV, ρq " F. Then
If the root datum is simply-connected, i.e., α i form a basis of h, then the group G D pFq is generated by U α -s . Hence, no grading is needed to define a representation of G D pFq, with all the proofs going through as before: Corollary 1.4. Suppose that D is simply-connected and p ą max i‰j p´A i,j q. If pV, ρq is a faithful, over-restricted brick for g F , then
extends to a projective representation of G D pFq.
Representations of completed group
2.1. Completion. The group G D pFq is also known as the "minimal" Kac-Moody group, while some of its various completions { G D pFq go under the name a "maximal" Kac-Moody group.
Let us consider a group G with a BN-pair pB, N q. Let p G be a completion of G with respect to some topology. Is pB, N q (where B is the closure of B in p G) a BN-pair on p G? It depends on circumstances. For example, consider a simple split group scheme G, G " GpF q rz, z´1sq, the group of monomial matrices N ď G and positive and negative Iwahori subgroups I˘" rGpF q rz˘1sq z˘1Þ Ñ0 ÝÝÝÝÑ GpFs´1pBq. Both pairs pI˘, N q are BN-pairs on G but only pI`, N q is a BN-pair on the positive completion p G " GpF q ppz: the countable groups x I´" I´and N cannot generate uncountable p G. The following theorem pinpoints the completion process for groups with a BN-pair under some conditions: (1)- (4) hold.
(1) pB, T q is a topological group. 
In particular, |P i : B| is finite for all i P I so that, by Theorem 2.1, we can complete G D pFwith respect to the pro-p-topology on B (or, in fact, any "M s -equivariant" topology). The group G lpp has a BN-pair p p B, N q where p B " H ⋉ x U`and x U`is the full pro-p completion of U . ‚ the Belyaev group G b , the "largest" completion with compact totally disconnected U`. ‚ the Schlichting group G s , the "smallest" completion with compact totally disconnected U`. If p ą max i‰j p´A ij q, then G`" G ma`b ut they could be different, in general 6 .11]. The precise meaning of the "largest" and the "smallest" of the last two groups is a certain universal property (consult 
2.3. Davis Building. Let G ‹ be one of the locally compact, totally disconnected groups from Section 2. While the building B is well-known, it is still instructive to recall its definition. Let PpG ‹ q be the set of all proper parabolic subgroups of G ‹ . A parabolic P P PpG ‹ q is conjugate to precisely one of the standard parabolics P J :" xB ‹ , 9 sy sPJ where J Ă S, 9 s P G ‹ is a lift of the element s P W " N pT q{T . Thus, we can define the type and the rank of each parabolic by tpP q " J, rpP q " |J| whenever P " P J .
The building B is an n-dimensional simplicial complex (n " |S|) whose set of k-dimensional simplices B k is equal to t´1pn´kq " tP | rpP q " n´ku. A simplex P 1 is a face of P if and only if P Ď P 1 . The group G ‹ acts on B in the obvious way:
g P " gP g´1. Since parabolic subgroups are self-normalising, the stabiliser of P is P itself. One drawback of this action is that stabilisers of simplices are not necessarily compact. This drawback is fixed in the Davis building.
A subset J Ă S is called spherical if the Coxeter subgroup xJy is finite. Let P sp pG ‹ q be the subset of PpG ‹ q that consists of parabolics of spherical type. The set P sp pG ‹ q is partially ordered under inclusion. The Davis building D is the geometric realisation of the poset P sp pG ‹ q, i.e., its set D k of k-dimensional simplices consists of pk`1q-long chains of spherical parabolics
Faces of a simplex are its subchains. The group G ‹ acts on D in the same obvious way: gpP i q " pgP i g´1q. The stabiliser of a chain pP i q is P 0 . Thus, all stabilisers are compact because spherical parabolic subgroups are necessarily compact.
One interesting example is a generic Kac-Moody group. Suppose A i,j A j,i ě 4 for all i, j. Then the only spherical subsets of S are the empty set and one element subsets. Consequently, any chain in P sp pG ‹ q is of length at most 1 and D is a tree. If A has no irreducible components of finite type, both buildings B and D are contractible. If A has an irreducible component of finite type, then D is still contractible, while B is not (see [D-08] for this as well as detailed study of D). 
Equivalently, the action GˆV Ñ V is required to be continuous with respect to the discrete topology on V (and standard topologies in G ‹ and the product). The category MpHq of smooth representations of a locally compact totally disconnected topological group H is abelian with enough projectives . In case of the group G ‹ we can say more by examining its action on D:
e., all homology groups are trivial except for H 0 pC q " K. This gives an exact sequence
of smooth representations of G ‹ where K is the trivial representation. Let σ " ppP i q, τ q be an oriented simplex in D. Its stabiliser Stab G ‹ pσq is open: it is either P 0 , or its subgroup of index 2, depending on whether an element of G ‹ can reverse the orientation τ or not. The one-dimensional space Krσs is a smooth representation of P 0 . Since P is compact, Krσs is projective in MpP 0 q. Since P 0 is open, the algebraic induction KG ‹ b KP0 is left adjoint to the restriction functor
where the sum is taken over representatives of G ‹ -orbits on D m . It follows that C is a projective resolution of the trivial representation K.
Let V be an object in MpG ‹ q. Tensor product of representations bV is an exact functor
is an exact sequence. We claim that it is a projective resolution of V . Indeed, the functor F " hompC m , q is exact since C m is projective. The functor of all linear maps E " hom K pV, q is also exact. The composition of two exact functors is exact, so F E " hompC m b V, q is exact and C m b V are projective objects.
2.5. Localisation. One should put Theorem 2.5 into a broader perspective of . By localisation we understand an equivalence of two categories: a representation theoretic category (MpG ‹ q for us) is equivalent to ("localised to") a geometric category. The key geometric category is the category Csh
is a linear map for each pair of faces F 1 Ď F , g F : C F Ñ C gF is a linear map for all g P G ‹ and a face F that are subject to the following axioms:
is commutative for all g and F 1 Ď F .
A morphism of equivariant cosheaves ψ : C Ñ E is a system of linear maps ψ F : C F Ñ E F , commuting with actions and restrictions, i.e, the squares
are commutative for all g and F 1 Ď F . The category of equivariant cosheaves Csh G ‹ pDq is an abelian category : kernels and cokernels can be computed simplexwise. There are several functors connecting the key categories MpG ‹ q and Csh G ‹ pDq. For instance, the trivial cosheaf functor L associates a cosheaf V P Csh G ‹ pDq to pV, ρq P MpG ‹ q:
In the opposite direction, if C is a G ‹ -equivariant cosheaf, the group G ‹ acts on the vector space of oriented i-chains (with finite support) C i pD, Cq with coefficients in C. In fact, G ‹ acts on the space of more general chains as well but the finite support ensures that C i pD, Cq P MpG ‹ q, a functor in the opposite direction! Furthermore, the chain complex
is a chain complex in MpG ‹ q. The functor C allows us to paraphrase Theorem 2.5:
Corollary 2.6. Given a smooth representation V , the complex C pV q is a projective resolution of V .
Resolutions of the form C pCq are quite useful. The category Csh G ‹ pDq is Noetherian: a subobject of a finitely-generated object is finitely-generated. Hence, a finitely-generated infinite-dimensional object V admits a finitely-generated projective resolution, yet C pV q is not finitely generated. We call a finitely-generated projective resolution of the form C pCq a Schneider-Stuhler resolution. Do they exist (cf. Section 3.8)?
It may be possible to construct them using systems of subgroups or system of idempotents . In fact, contains a positive answer to existence of Schneider-Stuhler resolutions modulo a (yet open) conjecture on homology of a CAT(0)-complex. To satisfy the reader's curiosity we state this conjecture in full in Section 3.9.
Let us turn our attention to the localisation. We have the trivial cosheaf and the 0-th homology functors going between MpG ‹ q and Csh G ‹ pDq: " G crr .
3.8. Schneider-Stuhler Resolution. Does a Schneider-Stuhler resolution exist for any finitely-generated object V P MpG ‹ q? What about irreducible objects? More precisely, does there exist a family of functors T k : MpG ‹ q Ñ Csh G ‹ pDq, indexed by natural numbers, such that for each irreducible L P MpG ‹ q there exists N P N such that C pT k pLqq is a Schneider-Stuhler resolution of L for all k ą N .
3.9. Homology of CAT(0)-Complex. Let X be a CAT(0)-simplicial complex, A an abelian group. Suppose we have an idempotent operator Λ x : A Ñ A for each vertex x of X. We call this system of idempotents geodesic if the following conditions hold:
(i) Λ x Λ y " Λ y Λ x if x and y are adjacent, (ii) Λ x Λ z Λ y " Λ x Λ y and Λ x Λ z " Λ z Λ x if z is any vertex of the first simplex along the geodesic rx, ys for all vertices x and y. Such geodesic system gives a cosheaf A Λ where A Λ F is the image of the product ś x Λ x taken over all faces of F and r F F 1 are natural inclusions. Is it true that H m pX , A Λ q " 0 for all m ą 0? A positive answer to this question for Bruhat-Tits buildings can be obtained by the methods of .
